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a b s t r a c t
In this paper, the lower bounds on the maximum genus of a simple
graph in terms of its connectivity, Betti number, minimum degree
and girth are obtained. The result shows that lower bounds on the
maximumgenus for simple graphswith given connectivity become
larger and larger as theminimumdegree or girth increases. In some
senses, we improve on recent results of several authors.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
All graphs considered here are simple, finite and undirected and, unless explicitly stated otherwise,
they are also connected. A graph is denoted by G = (V , E)with ν = |V | and ε = |E|, which are called
the order and size ofG, respectively. The girth ofG, denoted by g(G), is the length of the shortest cycle in
G; if G has no cycles, we define g(G) = ∞. The degree dG(v) of a vertex v in G is the number of edges
of G incident with v, each loop counting as two edges. We denote by δ(G) and ∆(G) the minimum
and maximum degrees, respectively, of vertices of G. The vertex-connectivity k(G) of a graph G is the
minimum number of vertices whose removal from G results in a disconnected or trivial graph. The
edge-connectivity k1(G) of a graph G is the minimum number of edges whose removal from G results
in a disconnected or trivial graph. For graphical notation and terminology without explanation in this
paper, we refer the reader to [1].
By a surface S we mean a compact and connected two-dimensional manifold without boundary
(that is, a closed surface). A cellular embedding h : G→ S of a graph G on a surface S is a homeomor-
phism of G to a subspace of S such that each component of S − h(G) is homeomorphic to an open
disk; we usually identify h(G) with G. Each of the components of S − G is called a face of G on S. The
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Table 1
Lower bounds on k-edge-connected simple graphs with minimum degree at least 3.
k γM (G) Infinitely tight? References
1 ≥β(G)/4 Yes Chen et al. [3]
2 ≥β(G)/3 Yes Kanchi and Chen [9] and Chen
et al. [2]
3 ≥β(G)/3 Yes Chen et al. [2]
≥4 =bβ(G)/2c Yes Xuong [16] with Kundu [10]
Table 2
Lower bounds on the maximum genus for simple graphs in terms of the connectivity and minimum degree.
k γM (G) References
1 ≥

1
4
β(G), δ = 3
δ2 − 5δ + 3
2(δ − 2)(δ − 3) β(G), δ ≥ 4
Huang et al. [7]
2 ≥

1
3
β(G), δ = 3
δ2 − 5δ + 4
2(δ − 2)(δ − 3) β(G), δ ≥ 4
Huang et al. [7]
3 ≥

1
3
β(G), δ = 3
δ2 − 5δ + 5
2(δ − 2)(δ − 3) β(G), δ ≥ 4
Huang et al. [7]
boundary of each face is a closed walk in G. The size of a face is the number of edges appearing on this
walk, repeated edges being counted twice.
Themaximumgenus γM(G) of a connected graphG is defined to be themaximum integer k such that
there exists a cellular embedding of G into the orientable surface of genus k (see [15] for more details).
By the Euler polyhedral equation, the maximum genus of a graph has the obvious upper bound
γM(G) ≤
⌊
β(G)
2
⌋
,
where β(G) = ε − ν + 1 is the Betti number of G (for any real number x, bxc denotes the maximum
integer no greater than x).
A graph G is said to be upper embeddable if γM(G) =
⌊
β(G)
2
⌋
exactly. A previously known
result, due to Xuong [16] and Kundu [10], states that every 4-edge-connected graph G is upper
embeddable, that is to say, its maximum genus arrives at the best upper bound
⌊
β(G)
2
⌋
. Since 4-
vertex-connectivity implies 4-edge-connectivity, it follows that every 4-vertex-connected graph is
also upper embeddable. However, there are examples of 3-vertex-connected graphs that are not upper
embeddable (see [8] for more details).
Recent investigations have focused on deriving tight lower bounds on the maximum genus of
graphs that are not upper embeddable (for example, see [7,6,5,3,9,2,4,11,12]). In particular, many
authors have dealt with the lower bounds on the maximum genus of graphs in terms of the
connectivity, minimum degree and girth. The papers [7,6,3,9,2] have given some tight lower bounds
on the maximum genus for such simple graphs with minimum degree δ at least 3. These results are
summarized in Tables 1 and 2. The minimum degrees of the graphs in Tables 1 and 2 are required to
be at least 3, and the rows correspond to edge-connectivity k = 1, 2, 3 or≥4. The same bounds hold
where k is the vertex-connectivity.
In this paper, we consider an analogous problem, namely, that of the lower bounds on the max-
imum genus for graphs with vertex-connectivity (or edge-connectivity) ≤3. But here, we study the
problem by combining with not only the connectivity and minimum degree but also the girth of a
graph. The following theorem, Theorem 1, is our main result.
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Theorem 1. Let G be a k-edge-connectivity simple graph with minimum degree δ and girth g. Then
γM(G) ≥ min
{
fk(δ, g)(β(G)+ 1),
⌊
β(G)
2
⌋}
k = 1, 2, 3,
where
f1(δ, g) =

1
4
, if δ = 3,
1
2
1− 3
4
⌈
(δ−2)(δ+g−3)−3
4
⌉
+ 1
 , if δ ≥ 4.
f2(δ, g) =

1
3
, if δ = 3,
1
2
1− 1
2
⌈
(δ−2)(δ+g−3)−3
4
⌉
+ 1
 , if δ ≥ 4.
f3(δ, g) = 12
1− 1
4
⌈
(δ−2)(δ+g−3)−3
4
⌉
+ 3
 , δ ≥ 3.
The same bounds hold for k as the vertex-connectivity.
It follows from Theorem 1 that the lower bound on themaximumgenus of a simple graph becomes
larger and larger with the increasing minimum degree and girth of the graph. Therefore, our results
may be viewed as an improvement of these results listed in Tables 1 and 2 for the connectivity k ≤ 3.
The main tool for obtaining our results is essentially Nebesky’s maximum genus theorem. In
Section 2 we give some definitions and lemmas (including Liu’s, Xuong’s and Nebesky’s maximum
genus theorems), and in Section 3 we give the proof of our main result.
2. Some definitions and lemmas
Let G be a graph and A ⊆ E(G). Denote by G− A the graph obtained from G by deleting all edges in
A. Let c(G−A) and b(G−A) denote the number of components ofG−A and the number of components
of G − A with odd Betti number, respectively. Let Fi1 , Fi2 , . . . , Fis be some connected components of
G−A; denote by E(Fi1 , Fi2 , . . . , Fis) the set of those edges of Gwhose two end vertices are respectively
in two pairwise subgraphs Fij and Fit (1 ≤ j, t ≤ s and j 6= t). For any subgraph F of graph G, let E(F ,G)
denote the edges one of whose end vertices are in V (F) and the others not in V (F).
Let T be a spanning tree of G, and denote by ξ(G, T ) the number of components of G − E(T ) with
odd number of edges. The Betti deficiency ξ(G) of a graph G is defined to be the minimum of ξ(G, T )
over all spanning trees T of G. The following lemma due to Xuong [16] and Liu [13] is a basic result
in studying the maximum genus of a graph G, which gives a formula on γM(G) by means of ξ(G) and
β(G), and also presents a necessary and sufficient condition for an upper embeddable graph.
Lemma 1 ([16,13]). Let G be a graph. Then
(1) γM(G) = β(G)−ξ(G)2 , and
(2) G is upper embeddable if and only if ξ(G) ≤ 1.
Lemma 1 tells us that the maximum genus of a graph G is mainly determined by ξ(G), whose
combinatorial expression has been given by Nebesky in [14].
Lemma 2 ([14]). Let G be a connected graph. Then
ξ(G) = max
A⊆E(G)
{c(G− A)+ b(G− A)− |A| − 1} .
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Any set A ⊆ E(G) such that ξ(G) = c(G − A) + b(G − A) − |A| − 1 will be called a Nebesky set;
furthermore if A is minimal then it will be called a minimal Nebesky set. The following lemma can be
seen in [7,6], etc.
Lemma 3 ([7,6]). Let G be a graph. If G is not upper embeddable, i.e. ξ(G) ≥ 2, then there exists an edge
subset A of G such that the following properties are satisfied. Here, C = {F |F is a connected component of
G− A}.
(1) c(G− A) = b(G− A) ≥ 2.
(2) For any connected component F of G− A, F is a vertex-induced subgraph of G.
(3) ξ(G) = 2c(G− A)− |A| − 1.
(4) 2|A| =∑F∈C |E(F ,G)|.
(5) β(G) = |A| − c(G− A)+ 1+∑F∈C β(F).
(6) If G is a simple graph with minimum degree at least 3, then for any component F of G − A with
β(F) = 1, |E(F ,G)| ≥ 3.
3. The proof of Theorem 1
Proof of Theorem 1. We only need to prove that the result holds for k-edge-connected graphs G,
since k-vertex-connectivity implies k-edge-connectivity. If G is upper embeddable, the conclusion is
trivial. Now assume that G is not upper embeddable, i.e. ξ(G) ≥ 2. By Lemma 3, there exists an edge
subset A ⊆ E(G) such that the properties (1)–(6) of Lemma 3 are all satisfied. Set C = {F |F as a
connected component of G − A}. Lemma 3(1) tells us that β(F) ≡ 1 (mod 2) for any F ∈ C. Set
C2i+1 = {F |F ∈ C, and β(F) = 2i+1}, and c = |C|, c2i+1 = |C2i+1|, i0 =
⌈
(δ−2)(δ+g−3)−3
4
⌉
. Obviously,
C =⋃i≥0 C2i+1, c =∑i≥0 c2i+1.
In order to obtain the proof of the theorem, we only need to show that γM(G) ≥ fk(δ, g)(β(G) +
1) (k = 1, 2, 3). However, by the property (1) of Lemma 1, it suffices to prove that
ξ(G) ≤ (1− 2fk(δ, g))β(G)− 2fk(δ, g). (1)
By the property (3) of Lemma 3, we have
ξ(G) = 2c − |A| − 1 = 2
∑
i≥0
c2i+1 − |A| − 1. (2)
On the other hand, by the property (5) of Lemma 3,
β(G) = |A| − c + 1+
∑
i≥0
(2i+ 1)c2i+1 = |A| + 1+
∑
i≥0
2ic2i+1. (3)
The following claim is critical.
Claim 1. If i < i0, then, for any F ∈ C2i+1, |E(F ,G)| ≥ 4.
Subproof. Assume to the contrary that it is not the case. Then there exists a component F ∈ C2i+1 (i ≥
0) such that |E(F ,G)| = x ≤ 3. Note that β(F) = 2i + 1; this implies that 4i + 2|V (F)| = 2|E(F)|.
Since F is a vertex-induced subgraph of G, thus
2|E(F)| =
∑
v∈V (F)
dG(v)− |E(F ,G)| ≥ δ|V (F)| − x.
It has been shown, therefore, that 4i ≥ (δ − 2)|V (F)| − x. On the other hand, by the simplicity of G
(and also F ) and β(F) ≡ 1 (mod 2), we have |V (F)| ≥ 3. Thus, by the assumption |E(F ,G)| = x ≤ 3,
there exists v ∈ V (F) such that dF (v) ≥ dG(v) − 1. It is not a difficult task to show that |V (F)| ≥
dF (v)+ g − 2 ≥ dG(v)− 1+ g − 2 ≥ δ + g − 3. Finally, we obtain
i ≥ 1
4
{(δ − 2)(δ + g − 3)− x} ≥ (δ − 2)(δ + g − 3)− 3
4
.
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This thus implies that i ≥ i0 =
⌈
(δ−2)(δ+g−3)−3
4
⌉
, which contradicts the condition i < i0. Hence, the
claim follows.
We distinguish the following three cases according to the edge-connectivity for k = 1, 2, 3,
respectively.
Case 1. k = 1.
Case 1.1. δ = 3. Then, f1(δ, g) = 14 . By inequality (1), we only need to show that
β(G) ≥ 2ξ(G)+ 1. (4)
It follows from the properties (4) and (6) of Lemma 3 that
|A| ≥ 3
2
c1 + 12
∑
i≥1
c2i+1. (5)
Combining inequalities (2) and (5), we have
ξ(G) = 2
∑
i≥0
c2i+1 − |A| − 1
≤ 1
2
c1 + 32
∑
i≥1
c2i+1 − 1. (6)
On the other hand, by the connectivity of G, it is clear that
|A| ≥ c − 1 =
∑
i≥0
c2i+1 − 1. (7)
Using (3) and (7), we obtain
β(G) = |A| + 1+
∑
i≥0
2ic2i+1
≥
∑
i≥0
(2i+ 1)c2i+1
≥ c1 + 3
∑
i≥1
c2i+1. (8)
Inequalities (6) and (8) now imply that inequality (4) holds.
Case 1.2. δ ≥ 4. Combining inequalities (1)–(3) together with the property (4) of Lemma 3, we only
need to show that
M =
∑
i≥0
{
(1− f1(δ, g))
∑
F∈C2i+1
|E(F ,G)| − (2− 2i+ 4if1(δ, g))c2i+1
}
+ 2− 4f1(δ, g)
≥ 0. (9)
Set
M1 =
i0−1∑
i≥0
{
(1− f1(δ, g))
∑
F∈C2i+1
|E(F ,G)| − (2− 2i+ 4if1(δ, g))c2i+1
}
,
M2 =
∑
i≥i0
{
(1− f1(δ, g))
∑
F∈C2i+1
|E(F ,G)| − (2− 2i+ 4if1(δ, g))c2i+1
}
,
M3 = 2− 4f1(δ, g).
By f1(δ, g) ≤ 12 , it is clear thatM3 ≥ 0.
By δ ≥ 4, this implies that i0 =
⌈
(δ−2)(δ+g−3)−3
4
⌉
≥ 2. In accordance with Claim 1, when i < i0, we
have |E(F ,G)| ≥ 4 for any F ∈ C2i+1. Therefore, we have
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M1 ≥
i0−1∑
i≥0
{(1− f1(δ, g))4c2i+1 − (2− 2i+ 4if1(δ, g))c2i+1}
=
i0−1∑
i≥0
(2+ 2i− (4+ 4i)f1(δ, g))c2i+1
≥ 0.
Define a function h(x) = (4f1(δ, g) − 2)x + 2. It follows from f1(δ, g) ≤ 12 that h′(x) =
4f1(δ, g) − 2 ≤ 0; this implies that h(i0) ≥ h(i) for i ≥ i0. It is not a difficult task to show that
h(i0) = 1− f1(δ, g). In addition, by the connectivity of G, it is clear that |E(F ,G)| ≥ 1 for any F ∈ C.
Therefore
M2 =
∑
i≥i0
{
(1− f1(δ, g))
∑
F∈C2i+1
|E(F ,G)| − h(i)c2i+1
}
≥
∑
i≥i0
{(1− f1(δ, g))c2i+1 − h(i0)c2i+1}
= (1− f1(δ, g)− h(i0))
∑
i≥i0
c2i+1
= 0.
From the above discussion, we can see that
M = M1 +M2 +M3 ≥ 0
as desired.
Consequently, from what we discussed above, Theorem 1 holds for k = 1.
Case 2. k = 2. It is not a difficult task to show that inequality (1) holds for δ ≥ 4 or g ≥ 4 by a method
similar to that for Case 1.2, and the details are omitted. We only prove that inequality (1) holds for
δ = 3 and g = 3. Here f2(δ, g) = 13 and i0 = 0. Like the assumptions in Case 1.2, hereM = M2 +M3,
where M3 = 2 − 4f2(δ, g) = 23 . On the other hand, by the 2-edge-connectivity of G, it is clear that|E(F ,G)| ≥ 2 for any F ∈ C. And, it follows from property (6) of Lemma 3 that |E(F ,G)| ≥ 3 for any
F ∈ C1. Therefore,
M = M2 +M3
=
∑
i≥0
{
2
3
∑
F∈C2i+1
|E(F ,G)| −
(
2− 2
3
i
)
c2i+1
}
+ 2
3
≥ 0+
∑
i≥1
(
2
3
i− 2
3
)
c2i+1 + 23 ≥ 0.
This implies that inequality (1) also holds for δ = 3 and g = 3.
Case 3. k = 3. Similarly, we can show that inequality (1) also holds by a method similar to that for
Case 1.2, and we leave the details to the reader.
Thereby the above three cases finish the proof of our theorem. 
To aid intuition, we present Table 3 to give a picture of some values of fk(δ, g)(β(G) + 1) (k =
1, 2, 3) via δ, g . The rows correspond to the values of minimum degree δ and girth g . In fact, Table 3
merely gives the values of fk(δ, g)(β(G)+1) (k = 1, 2, 3)with girth g = 3. The corresponding values
will become larger when g > 3.
It is known from [3,9,2] that 13β(G) is a tight lower bound on the maximum genus γM(G) for a 2-
edge-connected (or 3-edge-connected) simple graphGwithminimumdegree at least 3. It is of interest
to ask under what conditions 13β(G) can become a lower bound on γM(G) for a 1-edge-connected
simple graph G. It is easily seen from Table 3 that δ ≥ 4 can guarantee it. We can easily verify
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Table 3
Some values of fk(δ, g)(β(G)+ 1)(k = 1, 2, 3) via δ, g .
(δ, g) f1(δ, g)(β(G)+ 1) f2(δ, g)(β(G)+ 1) f3(δ, g)(β(G)+1)
(3, 3) 14 (β(G)+ 1) 13 (β(G)+ 1) 13 (β(G)+ 1)
(4, 3) 13 (β(G)+ 1) 25 (β(G)+ 1) 511 (β(G)+ 1)
(5, 3) 513 (β(G)+ 1) 37 (β(G)+ 1) 715 (β(G)+ 1)
(6, 3) 1125 (β(G)+ 1) 613 (β(G)+ 1) 1327 (β(G)+ 1)
(7, 3) 1533 (β(G)+ 1) 817 (β(G)+ 1) 1735 (β(G)+ 1)
(8, 3) 2349 (β(G)+ 1) 1225 (β(G)+ 1) 2551 (β(G)+ 1)
(9, 3) 2961 (β(G)+ 1) 1531 (β(G)+ 1) 3163 (β(G)+ 1)
that for each positive integer k ≤ 3 the function of two variables fk(δ, g) is increasing in δ and g .
That is to say, with increase of δ and g , the lower bounds min{fk(δ, g)(β(G) + 1), bβ(G)/2c} on the
maximum genus become larger and larger. In fact, we can also easily see just from Table 3 that the
lower bounds in Theorem 1 are better than those of papers [3,9,2] when δ ≥ 4. It is easy to show that
fk(δ, g)(β(G) + 1) > δ2−5δ+k+22(δ−2)(δ−3)β(G) for any δ ≥ 4, g ≥ 3 and k = 1, 2, 3, which implies that our
results greatly improve on the results of paper [7].
Worthy of our attention is that paper [5] presents a lower bound on the maximum genus in terms
of the girth. The result is described as follows: Let G be a simple graph with minimum degree at least
3, and let g be the girth of G. Then
γM(G) ≥ g − 22(g − 1)β(G)+
1
g − 1 except for G = K4.
Actually, the lower bound on the maximum genus in terms of the girth is not the best possible for
δ ≥ 5. It can be further greatly improved as follows.
Corollary 1. Let G be a simple graph with minimum degree δ ≥ 5 and girth g. Then
γM(G) ≥ min
{
3g + 1
2(3g + 4)β(G)+
3g + 1
2(3g + 4) ,
⌊
β(G)
2
⌋}
.
Proof. We use Theorem 1, and note that
f1(δ, g) ≥ f1(5, g) ≥ 3g + 12(3g + 4)β(G)+
3g + 1
2(3g + 4) .
Thus, Corollary 1 is clear. 
We end this section with a result on the upper embeddability of a graph in connection with
minimum degree and girth.
Corollary 2. Let G be a k (≤ 3)-edge-connected simple graph with the minimum degree δ ≥ 3 and girth
g. Then
lim
δ→∞
g→∞
γM(G)⌊
β(G)
2
⌋ = lim
δ→∞
γM(G)⌊
β(G)
2
⌋ = lim
g→∞
γM(G)⌊
β(G)
2
⌋ = 1.
Proof. It follows from the definition of fk(δ, g) (k = 1, 2, 3) that
lim
g→∞min
{
fk(δ, g)(β(G)+ 1),
⌊
β(G)
2
⌋}
=
⌊
β(G)
2
⌋
, (k = 1, 2, 3),
and
lim
δ→∞min
{
fk(δ, g)(β(G)+ 1),
⌊
β(G)
2
⌋}
=
⌊
β(G)
2
⌋
, (k = 1, 2, 3).
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And, by Theorem 1 and the definition of γM(G), we have the following inequality:
min
{
fk(δ, g)(β(G)+ 1),
⌊
β(G)
2
⌋}
≤ γM(G) ≤
⌊
β(G)
2
⌋
, (k = 1, 2, 3),
which implies the conclusion. 
We can see from Corollary 2 that the lower bound of themaximum genus of G in Theorem 1 is very
close to γM(G)when δ or g is large.
In addition, we are currently studying the lower bounds on themaximum genus for general graphs
(possibly with both multiple edges and loops) and obtain some similar results.
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